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Abstract 

We study the supersymmetric Wilson loop as introduced by Caron-Huot, which attaches to 
lightlike polygons certain edge and vertex operators, whose shape is determined by supersymmetry 
constraints. We state explicit formulas for the vertex operators to all orders in the Grafimann 
expansion, thus filling a gap in the literature. This is achieved by deriving a recursion formula out 
of the supersymmetry constraints. 
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I. INTRODUCTION 



shell (Ref. |8|). Belitsky showed in Ref. 



Gluon scattering amplitudes have been known to be dual to Wilson loops along lightlike 
polygons. While first shown at strong coupling (Ref. []]) through the famous AdS/CFT 
duality introduced in Ref. ^ this result has later been verified at weak coupling (Refs. 3 and 
4). For a review, consult Ref. |1 

Recently, a similar duality (at weak coupling) between the full superamplitude of Af = 
4 super Yang-Mills theory and a supersymmetric extension of the Wilson loop has been 
claimed, of which two variants appeared almost simultaneously. The first approach by 
Mason and Skinner (Ref. |6|) originates in momentum twistor space and translates into the 
integral over a superconnection in spacetime. The second is due to Caron-Huot (Ref. |7|) and 
attaches to lightlike polygons certain edge and vertex operators, whose shape is determined 
by supersymmetry constraints. At the classical level, both approaches are identical only on- 

9 that the conjectured duality with superamplitudes 
indeed holds, however only upon subtracting an anomalous contribution from the super 
Wilson loop. 

The operators in the Caron-Huot approach depend on momentum supertwistors. While 
the edge operators are wellknown, explicit formulas for the vertex operators have been 
available in the literature only up to fourth order in the Grafimann expansion. The aim 
of this article is to fill this gap. We state explicit formulas for the vertex operators up to 
maximum order. This is achieved by deriving a recursion formula out of the supersymmetry 
constraints. 

To fix notation, we let W n denote the super Wilson loop and Si and V^+i the edge and 
vertex operators, respectively, which depend on the (odd) momentum supertwistors rjf and 
fj^_i- At zeroth order, the ordinary Wilson loop should be recovered, thus leading to the 
ansatz Si = pi ■ A + 0{rj) and V^+i = 1 + 0(rj). The supersymmetry constraints are such 
that Q A W n = is to vanish, where the Q A = q A + cq J2i ^H^? ac ^ on ^ ne fields as well as 
the momentum supertwistors. This is achieved if the edges and vertices transform by an 
infinitesimal super gauge transformation 

Q a A £i = ^( d t~ W [Si, •]) X?a (la) 
Q a A V i>i+l = iX? +1A V i>i+ i - iVi, i+1 X? A (lb) 
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Here, and in the following, we adopt the conventions of Ref. 
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II. EDGE OPERATORS 

The edge operators are computed as sketched in Ref. Q. One finds the following solution 
of (flaj) . making use of the Euler-Lagrange equations. 

f - l \ I 1 \ ilK A ^ ~ X iP X ^- X ^ D ^AB A B 

ti - -\p\e A + —\0AVi ~ — — Vi Vi 



with 



2 ip # c 11 2c 2 Q (i, i - 1) 

1 A (i _i )5 A^A (l _ 1)7 D /37 ^ A bcd 

^ £ ABCD — -2 Vi Vi Vi 

6c {t, % - 1) 

% X^i^X^/rX^X^pD^F^ a b c d 

T^A^ABCD — -3 Vi Vi Vi Vi 

Mc («, I ~ 1) 



X iA ■- 7— 7T -^y 2( PABVi + ZABCD J—. TrVi Vi 

C {l, I - 1) V CO (*, * - 1) 



i A( li _i) 7 A( i _ 1 )^F 7/3 bcd 

W^ £ ABCD — 772 Vi Vi Vi 

6c (l, I ~ 1) 



III. A RECURSION FORMULA 

We expand 

V V+! = ELo EL B\...Bi Vt 1 ■ ■ ■ V? k V^ ■ ■ ■ (2) 

and, similarly, denote the coefficients of by 

A iA~ A L4 + A iA + A iA ~ A iAA 1 Vi + A iAA 1 A 2 Vi Vi + A iAA 1 A 2 A 3 Vi Vi Vi 

Let Vq = 1 (i.e. Vj,j+i = 1 + 0{rjj) and require that Vjj+i only depends on the generators 
r)i and 7)i+i. Then f]Lb[) with Xf A as above has the following unique solution: All coefficients 
VB lt ...,B d = for d > (i.e. all "pure ?7j + i-terms" ) vanish and the remaining coefficients are 
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successively determined by the following recursion formula. 



VAA 1 ...A k B 1 ...B l 

(-l) d+1 A (m)Q 



(fc + l)co + i) 



Y~K [~q ( A( V Ai...A k B 1 ...B l ) + iX^l )AB V Al ... AkBl ...B l _ 1 



y-«( 2 ) t/ I „• ya(3) t/ 

+^( i+ l)AB i _ 1 B ! v Ai...A k B 1 ...B l _ 2 + zvi -(i + i)AB I _ a Bi_ 1 B / ^i-.A* Bi...B,_ 3 

-i(-l) Z VA 1 ...A fc _ 3 Bi...B / ^iA i! _ 2 A A ,_ 1 A fc ) 



where d = k + I. 



Proof. For calculations, it is easier to work with an expansion where the generators rji and 
r] i+ i can stand in any order: 



k + l 



Vi, i+ i - ^ d=0 ■ ■ ■ vf d * > V Al ...A k B 1 ...B ! - ( fc ] PaiLAhBi ...B, 

with j'j G {i, i + 1}. Now, applying from the left a fixed in the C-expansion kills the 
corresponding r] terms which can occur at every position, thus giving a symmetry factor of 
d and a sign such that 



B d 



(fib)) is thus equivalent to the recursion formula 

Co (d + 1) (-i)I c XXIa« . . . 

= -qA(CB~ j B d ) T lf 1 1 ■ ■ ■ Vjf + i zjfc+; ^ (^i+l A Vi,i+1 1 r?' - Vi,i+l| ?7 fcX'^|^) 

By induction, one shows that the coefficients are of parity | | =2 ^- Also by 

induction, we see that all coefficients C]^ 1 "j^ 1 = vanish: In the recursion formula so far 
established, we consider the case j\ — • • -jd — i + 1 an d multiply both sides with X ia . Then 
only the left hand side with k — i + 1 remains and 

r i + l,i+l...i+l Bi B d _ (~l) d+1 Aj a / a / r i+i..j+iN Ri s d \ 

ABi...B d ^+i---^+i- ^ i+l)cb(d + l) V ^^^...fl, )Vi+i-"Vi+i) 

since A iQ ,X^ 1A = and X" A = Ofy). For d = 0, the right hand side ~ QjSX) = vanishes 
and thus C 1 ^ 1 = 0. Take this as induction basis and assume that C 1 ^ 1 "^ 1 = 0. The same 
recursion formula then implies that C 1 a + Bi.'1b7 %+ = 0- 
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Now, by multiplying both sides of the recursion formula with A(j + i) a , only the left hand 
side with k = i remains, and we yield 



riih-3d „Bi B d 



1.1 d 

\d+l 



(-1) + A( i + 1) Q 

(i + 1, i)co(d+ 1) 



(-QliCtXK 1 ■ ■ ■ vf d d + (iX&iAVw - iV ili+1 Xt A ) 



Writing the second term on the right hand side in the C-expansion and then translating 
everything back to the original expansion (T5]) using 



ryiji---jd -Bi B d \ Ai A k B\ B, 

:../;,'/;: • • • WnH+x = J^J Vaa ^ b ^- b ^ ■ ■ ■ % ^i+i ■ ■ ■ vUi 



the statement is finally obtained. □ 



IV. VERTEX OPERATORS 

By the recursion formula of the previous section, the coefficients of the vertex operators 
in the expansion (12) can be explicitly calculated. Up to order three, the result reads 



~ 1 9 ■ a VA±A % Vi Vi + o • 9»AiBi Vi Vi+i 
c /._i + c i + 



2ig i± H-Ag+ih + ^° g rAi^MJb 
3^ ^-J eA 1 A 2 A 3 cV i Vi Vi 

2ig\ (i+lh ^ c A A B 2ig\ il ^ c A B B 

+ 3^2 ZA x A.>B x CVi Vi Vi+1 3^2 ^A 1 B 1 B 2 C Vi Vi+lVi+l 

C Q l + c i + 



with i_ := (i, i — 1), i + := (i + 1, i) and i± :— (i + 1, % — 1). 
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Fourth Order 



The (non-vanishing) fourth order coefficients (|2D of V^+i are as follows. 



, , gi± (3_A(j + i)ftA(j + i) 7 - 2_2 + A( i _i) /3 A( i+ i) 7 + ^A( i _i) / 3A(i_i) 7 ) 



+ Ucfrltl ) £ ^a 3 a 4 
T/ g\i+i)p\i+iy,F M 4:g 2 i± - -7 

^A 1 A 3 A 3 B 1 - ^3 £AiA 2 A 3 .Bi ~ -a~~T ( Pa 1 B 1 < Pa 2 A 3 

O C-Q 6 _|_ Oq 6 j 



_ ffA i/3 A (m)7 F^ ^ 2 V _ 

* A\A 2 B\B 2 - ^3 ^A 1 A 2 B 1 B 2 ~ -4^* L^A!A 2 > 'PiJiSaJ _ "i^T V AxB x <? A1B1 

''0 11 



^AiSiBaBs — T4~3 ^ A X B X B 2 B 3 



Fifth Order 



VA 1 A 2 A z A i B 1 - y^.f .3 (4(«-A( i+ i) 7 - i + A( i „i) 7 )£A 2J 4 3 A4C0AiBi ? / ;7C 

-62_ A( i+ i) 7 V' 7C 'eAi A 2 BiC0A 3 A 4 ) 

^V^2 S'^A^+i)^ / I — /3ci r~r idci 

Va 1 A 2 A 3 B 1 B 2 = (^A 2 A 3 BiB 2 ^ J + ^A X A 2 A 3 C [<Pb 1 B 2 ^ W \ 

-S Al B 1 B 2 C [0A 2 A 3) -4e Al A 2 B 1 C^ C ^A 3 B 2 

Sea^b^a^^ ) 
2iV2g 2 i ± X^ c - 

+ ^~~3 E A 1 B 1 B 2 CW 0A 2 A 3 

Va 1 A 2 B 1 B 2 B 3 = ~^p3 47 ( _ [^AiC? '0 7<:7 ] £A 2 B 1 B 2 B 3 + 3 [^AiBi ) ^ 7C ] + £A2B 2 B 3 C 



where [X, Y], :— XY + YX denotes the anticommutator. 
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Sixth Order 



'A1A2A3A4B1B2 24c 6 Z 4 £ AiA 2 A a A i L</>BiB 2 ; r J 



6cpJ £ A 1 A 2 A 3 B 1 <Pa 4 B 2 + 30A 4 B 2 ^ ) 



V2g 2 i± 



+ 

+ -4 ( £ A 2 A 3 A 4 C^ A 1 B 1 B 2 D{i' 2 L\i+l)" l \i+l)8) 

+ £A 1 B 1 B2C£A2A 3 A4D(i 2 -\i+l)j\i+l)6 + 4i_2 ± Aj 7 A(j +i )5 

— 4« + z ± Aj 7 A(j_i)5) 

+ eA 2 A 3 BiCe : A lJ 44 J B2£ | (6^A(i + i) 7 A(i + i)5)) lfj lC 'lfj SD 



2cgi_ 


* 4 + 






2cgi_ 
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3c 6 i 2 _ 





and 



V - ^9 2 K\i+i)a ( rr Fia i 

V A 1 A 2 A 3 B 1 B 2 B 3 - ^6^4 U^AiAa; ^ J £A 3 B 1 B 2 B 3 



+3 [0a 2Bi ,^ 7 1 + ^A 3 B 2 B 3 A 1 + 30A!B 3 -^ 7 e A 2 A 3 BiB 2 ) 

v / 2^^±A l7 A l/3 F^ AiA2 

3cp~5 £ A 3 BiB 2 S 3 

+ J^Jr ([^A 2 C*> [0AiDi £ CDEF^A 3 B X B 2 B 3 
+ 6 pylaBii [0AiAs' ^B 2 B S ]] + 

-60AXB3 \4>A 2 A 3 , 4>B X B 2 ] ~ 24 4a iB3 <¥A 2 Bx VA 3 B 2 ) 

% 2 A i7 A (i+ i )a / r iqD i/i7 C] 
FT6A I ^^AiAaCD^AgBiBaBg [W , W J , 

C/Cq?-_|_ V 

+ 3£a 3 B2B3C^AiA 2 BiB ["0 ajD , "0 7C ] 

— 3e j4lB2B3 c£: J 4 2 A3BiD'0 7C, '0 a ' D ) 
V2g 2 \iy\ii3 [F 7/3 , ^bJi £a 2 b 2 b 3 B4 



K41A2B1B2B3B4 — o 6-4 



, 2g 2 \ il \ iS ^ c j ) SD 

H £AiB 3 B 4 C £ A 2 BiB 2 D 



CqZj 
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Seventh Order 



Va 1 A 2 A 3 B 1 B 2 B 3 B 4 , - — q 7^ ( ' +1)6 ^A 1 A 2 B 1 C^A 3 B2B3B4 (2F J ^1p eC + lfj eC F 1 ^) 

- i -^^^ SMB^cSA M B i (F^ C + W°F^) 

8ig 3 X^ [\4> AlC , , '4>A 2 B 1 ] + e A 3 B 2 B 3 B i 

n„7 -4 



+ -^nnF £ MB 3 B A D [\4> Ai a 2 i ^b,b 2 ] , ^' D ] + 

+ ^g^ ^Bi {\4>A 2 Ci £ A 3 B\B 2 B 3 - 3 \<j> MBl , ^ lC ] + SA 3 B 2 B 3 c) 

1 E A 1 B 3 B A ci> lC \4>A 2 A 3 , 0B 1 B 2 ] 

oc i + 

^(? 3 Aj 7 /7CT T 

o 7-4 £ AiB 3 B4CW < rA 2 Bi < rA 3 B 2 
Ot Q t + 



+ 



and 



Va 1 A 2 A 3 A 4 B 1 B 2 B 3 — VA 1 A 2 A 3 A4B 1 B 2 B 3 \<t*fnl) + VaiA 2 A 3j 4 4 BiB 2 B 3 l-FV> 



with 



Va 1 A 2 A 3 A 4 B 1 B 2 B 3 \(I><I>iI} 

i 3 A 

= "^pT^ ( 4 ^A 4 B lB2 B3 R4iA 2J Pa 3 ] " 2£A 3 A 4 B 2 B 3 RliBi , RfcO ^ C ]] + 

-£a 4 b l b 2 b 3 [ip^ C , \4> Ai a 2 > 0a 3 c]] -2za 4 b 1 b 2 b 3 \4>a 3 c, [^ C > ^amJ] 

+ 3£ Al A 2 A 4 C [0A 3 Bi> [V^: 0B 2 S 3 ]] + + 3£a 1 B 2 S 3 C [0A 3 B i; [</>A 2 .4 4 , ] . 

-£a 4 B!B 2 b 3 [^ C , PaiA 2 > ^a 3 c]] -9£a 2 a 3 B!C [0am 4 > 4>b 2 b 3 ]] + 

- V1e AxA2BzC ^ C J M bJ>a 4 b 2 

+ 4>A 1 B 3 (^A 2 A 3 A 4 C [^ C , Bl B 2 ] +6e j42 B 1 B 2 C [0A 3 A 4 , 



+ 2Ae MA3BlC [^°, <Pa 4 b 2 ] + + ^e A 

3 A 4 B 1 C<l>A 2 B 2 ' l l ; 

-5£a 3 a 4 b 1 b 2 \4>mc, ^°])) 



+ 4 qS^M 7 ( £ A 4 B!B 2 B 3 [0AiC> V^] 0A 2 A 3 - A 2 B\B 2 C [<t> Al B 3 , ^'°] + ( Pa 3 A 4 



and 



V A 

\A 2 A 3 A 4 B\B 2 B 3 \Fij} 

iQ 1 ! A(j+i) Q Aj 7 A(j + i) i g 



18c 7 i 
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{^ ! ^A 1 A 2 B 1 C^A 3 A 4 B 2 B 3 [V^* 7 , F la ] + + 6eA 2 B 2 B 3 C^A 3 A 4 B 1 A 1 i J ' yC F tSa 



+£a 1 a 2 a 3 c£a 4 b 1 b 2 b 3 [F^ a , ip' yC ] + 3€a 4 b 2 b 3 c£a 2 a 3 b 1 a 1 [F 1301 , "0 7C ] + ) 



2ig i±\ (i+1)s \ il \ ip p 

H 7- - 5 £A 1 A 2 A 3 c£A 4 B 1 B 2 B 3 f %> 



6C 



H Q 7-2 -4 ^ J 4i J BiB2B3 £ A2 J 4 3 A4C-r T 



Eighth Order 



Va 1 A 2 A 3 A 4 BiB 2 B 3 B 4 — VA 1 A 2 A 3 A 4 B 1 B 2 B 3 B 4 \cf> 4 + ^4^2/13^451^2-6354 I F<t>4> 

+ ^4^2^3445! B 2 B 3 B 4 \<t>ipip + Va 1 A 2 A 3 A 4 B 1 B 2 B 3 B 4 \ FF 



with 



K4iyl2A3A4Bi_B2S3S4|0 4 — 



18c^4 



-2£ DE FG£a 4 B 2 B 3 B 4 [<Pa 2 Di [<t>AiEi 0Fg]] _ > 0A 3 Si 
+ 3 [[0A 2 A 3 , -B2 ] > [^A 4 , 0B 3 B 4 ]] + 

- 2 0a 2 b 4 [^A 3 r" 0fg]] £a 4 b x b 2 b 3 £defg 

- ^Ua 2 b 4 $a 3Bi , $ Al A 4 , ^B 2 B 3 ]] + 
+ 3 \4> Al A 2 , 4>B 3 B 4 ] [0A 3 A 4 , 0BxB 2 ] 

+ 12 \^ Al A 2 , 4>b 3 b 4 ] ~4>a 3 bJ>a 4 b 2 

+ 2 ( / ) a 1 b 4 \<Pa 3 ci \<Pa 2 di 4>ef\\ £cdef£ A 4 B X B 2 B 3 

+ l2( l ) A 1 B 4 [4>A 3 B^ \<f>A 2 A 4 , 4>B 2 B 3 ]] + 

- ^-M>a^bJ>a 2 b 3 \4>A 3 A 4 i 0B!B 2 ] 
~^>a x bJ>a 2 b 3 1>a 3 b^>a 4 b 2 ) 



+ 
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and 



5 ,3 Aj / gA(j + i) 7 



36c§ 



(-9£A 3 A4B 3 B4 [0AiA 2 > 0B lB2 ]]_ 



+ 4£a 4 B2B 3 B4 [0A 2 Ai , F7/3 ] _ , 0A 3 Bx 
+ 8 <^AiB 4 ([0A 2 A 3) ^A 4 BiB 2 B 3 +3 [0A 2 Bi > ^] + ^A 3 B 2 B 3 A 4 ) 

-12e AlA2BlBa ^3^3^454]+) 

3c 8 i_i% eA ^ B ^ ^ > < Pa 2 b 4 \ + ( Pa 3 a 4 



and 



Va 1 A 2 A 3 A 4 ,B 1 B 2 B 3 B 4 \4>iI>iI> 

y/2 g 3 \ij\(i+i)p 



18c 8 i 5 ^ 8£ a 2 a 3 Bid£a 4 B2B 3 B4 [[0AiCj ^ 7C ] , ^ ]_ 

- 12eA 2 A 3 B 4 D£A 4 B2B 3 cV' /3 ' D [^AiBi, ^ 7C ] + 

- 3eA2B 1 B 2 C£A 3 A 4 B 3 B4 ([0AiD, V^] " W° \4> Al Di ) 
+ &A 4 B 2 B 3 B 4 (^A 1 A 2 CD [^ D , ^ 7C ] + , 0A 3 B! + 

+£AiA 3 BiD [0A 2 C,^ 7C ]]_) 

+ 3£a 4 b 3 b 4 c (e Al A a A 3 D [[^ D , Bi b 2 ] , i> jC ]_ 

+eA lBlB2D [$ A2 A 3 ,^ D ],r C }_) 
+ 4 4a 1 b 4 (-^a^cdSa^b^ [^ D , ^ lC ] + 

+§e AiB2B . iC SA 2 A 3 B 1 D [^ D , ^ 7C ]_ 

— 3£a 2 b 2 b 3 c£a 3 a 4 b 1 d 1 P' iC 4> i3D ) 

+ 3£a 1 B 3 B 4 cV ;7C (2eA 2 A 3 A 4 D [i^ D , 0BiB 2 ] + 2£ A 2 BiB 2 B [0A 3 A 4 > ^] 

- £a 2 a 3 BiB 2 [0a 4 d> V^ D ] + 8ea 2 a 3Bi d [^a 4 b 2 , ^°] + 
+4£a 2 a 3 b 1 d0a 4 b 2 ^ /3D )) 

2V2g 3 i±\ il3 \ iy 

^AiB 3 B 4 C^A 2 BiB 2 D^ W 9 A 3 A 4 
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and 




VA 1 A 2 A 3 A i B 1 B 2 B 3 B i \FF — 8 '6 ^ 3 Bi £ A 4 B 2 B 3 B 4 [or t + t t ) 



The General Structure 

From the above formulas for Va + i, we see that higher order terms factor into terms with 
the structure of lower order terms: 



It is understood that this is not an equation but only a similarity which helps memorise the 
types of terms occurring. 
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£A i A 2 B x B 2 £ A 3 A A B 3 B A 



pry/3 pea 
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